Introduction
The lattice Boltzmann (LB) modeling of thermo-hydrodynamic flows has been an active area of research since the creation of the lattice Boltzmann equation (LBE) (cf., e.g., reviews [1, 2] and references therein). The initial effort of thermo-LBE (TLBE) was focused on the energy-conserving LB models [3] [4] [5] [6] [7] . However, the energy-conserving LB models suffer severe numerical instability [6] , which is due to spurious coupling in the energy-conserving LB models and cannot be completely removed [8] .
To overcome the numerical instability inherent to the energy-conserving TLBE models [8] , the approach to treat the temperature as a passive scalar was proposed [9] . In this approach the temperature is independently modeled by an advection-diffusion equation which is equivalent to the Boussinesq approximation valid for incompressible flows. The passive-scalar TLBE uses two sets of distribution functions-one for mass and momentum and the other for temperature. Similar to the LBE for only the mass and momentum conservations [10, 11] , the passive-scalar TLBE can be directly derived from the continuous Boltzmann equation [12] [13] [14] . A slightly different approach of passive-scalar TLBE is the hybrid approach which solves the temperature equation by finite difference scheme [8, 15] . We note that most previous TLBE schemes [9, [12] [13] [14] are based on the lattice Bhatnagar-Gross-Krook (BGK) model with one relaxation time which tunes all transport coefficients and higher-order dissipation in the LBE [16, 8] . The single-relaxation-time (SRT) collision model directly results in two inherent defects of the lattice BGK (LBGK) model: its numerical instability and inaccurate boundary conditions [16, 17, 8, 18] .
The passive-scalar TLBE used in this work is based on the framework of the LBE with multiple-relaxation-time (MRT) model due to d'Humières [19] and the LB model for the advection-diffusion equation due to Ginzburg [20] [21] [22] [23] and Ginzburg and d'Humières [24] . It has been unequivocally demonstrated that the MRT-LB models are superior over their LBGK counterparts in terms of accuracy, numerical stability, and computational efficiency [16, 17, 8, 18] . In addition, the MRT formalism is imperative to accurately treat boundary conditions in the LBE simulations [25, 17, 26, 18] and inaccuracy of boundary conditions is one of the most severe defects inherent to the LBGK model [27, 17, 1, 28, 18] .
To demonstrate the efficacy of the MRT-TLBE scheme, we will simulate the two following thermal flows in two dimensions. The first one is the square cavity with differentially heated vertical walls; and the parameters for this flow are the Rayleigh number Ra = 10 3 -10 6 and the Prandtl number Pr = 0.71. The second one is the Rayleigh-Bénard convection in a rectangle heated from below and subject to gravity; and the flow parameters are Ra = 2·10 3 , 10 4 and 5·10 4 , and Pr = 0.71 and 7.0. Both these flows have been studied previously. In this paper we intend to systematically investigate the convergence behavior, the effect of the Mach number and the influence of different boundary conditions, and the computational speed of the MRT-TLBE. We also intend to provide benchmark quality results which can be compared with the existing data. The remainder of this paper is organized as follows. Section 2 succinctly describes the MRT-TLBE scheme in twodimensions, its boundary conditions, as well as its implementations. Sections 3 and 4 present the numerical results for the square cavity with differentially heated vertical walls and the Rayleigh-Bénard convection in a rectangle heated from below, respectively. Finally, Section 5 concludes the paper.
MRT-LB model
We consider the lattice Boltzmann (LB) model for thermal fluids in two dimensions (2D). The discrete velocity set is that of D2Q9 model: 
where c := δx/δt, and δx and δt are the lattice spacing and discrete time step size, respectively. The thermo-LB (TLB) model consists of two sets evolution equations: one for the mass and momentum conservation, and the other for the temperature.
The evolution equation for the mass and momentum conservations can be succinctly written as the following:
f(x j + cδt, t n + δt) = f(x j , t n ) + Q(x j , t n ) + F(x j , t n ),
where the following convenient notations have been used:
f(x j , t n ) := (f 0 (x j , t n ), f 1 (x j , t n ), . . . , f 8 (x j , t n )) Ď , f(x j + cδt, t n + δt) := (f 0 (x j , t n + δt), f 1 (x j + c 1 δt, t n + δt), . . . , f 8 (x j + c 8 δt, t n + δt)) Ď , m(x j , t n ) := (m 0 (x j , t n ), m 1 (x j , t n ), . . . , m 8 (x j , t n )) Ď , m (eq) (x j , t n ) := (m (eq)
1 (x j , t n ), . . . , m (eq)
in which Ď denotes transpose, f i is the distribution function corresponding to c i , m i and m (eq) i are (velocity) moments and their equilibrium functions, respectively, and F i is the component of the forcing projected to the direction of c i . The forcing term F in the LBE (2a) is implemented by using a splitting scheme [8, 29] , of which the details will be described later in Section 2.2.
The transformation matrix M transforms the distributions {f i } to their (velocity) moments {m i }. To determine the transformation matrix M, the ordering of the moments must be prescribed first. 
where ρ is the mass density, j := (j x , j y ) = ρ(u, v) := ρu is the flow momentum and u is flow velocity, e, p xx and p xy are the second-order moments corresponding to energy and two off-diagonal components of the stress tensor, respectively, q x and q y are the third-order moments corresponding to x and y components of the energy flux, respectively, and ε is the fourth-order moment of energy square. With the ordering of the moments specified as the above, the transform matrix can be easily constructed: 
Note that the product of M and its transpose M Ď , M·M Ď , is a diagonal matrix, thus M −1 can be trivially obtained. The elements of the second and third rows of M correspond to the x and y components {c i }, respectively, it thus uniquely determines the ordering of the discrete velocity set {c i }.
There are three conserved quantities in this model: the mass density ρ and the two components of the momentum j = ρu. Since we are only interested in incompressible fluids in this work, we will use the following approximations:
That is, we shall only consider fluctuations of ρ and u about ρ 0 = 1 and u = 0, respectively. This helps to significantly reduce round-off errors in simulations, especially with single-precision arithmetic on graphic processing units (GPUs). Accordingly, the equilibrium moments are then defined as:
Note that the equilibria of the conserved moments are themselves, thus m 
With the ordering of {m i } given in Eqs. (3), the diagonal relaxation matrix is given by: (8) where s i ∈ (0, 2) for non-conserved modes, and specifically [30, 26] ,
The shear viscosity ν and bulk viscosity ζ in the model are
Unless stated otherwise, we will use s e = s ε = s ν , i.e., the two-relaxation-time (TRT) model [20, 31, 32] .
The temperature T is modeled by the following evolution equation
where the notations are similar to the evolution Eq. (2) for {f i }, but with only five discrete velocities: {c i |i = 0, 1, . . . , 4} and corresponding distribution functions {g i |i = 0, 1, . . . , 4}. The transformation matrix N is given by
The temperature T is the only conserved quantity in the system of {g i } and is computed by
The equilibrium moments {n
where the velocity field (u, v) = u is obtained from the evolution Eq. (2) of {f i } and a is a constant to be determined later.
The diagonal relaxation matrix Q in Eq. (11) is given by
The relaxation rate σ κ determines the heat diffusivity κ:
To attain the isotropy for the fourth-order (error) term resulting from Eq. (11), σ κ and σ ν must satisfy the following relationship similar to Eq. (9) between s q and s ν :
In addition, there exists a relationship between σ e and σ κ . If we fix σ κ as
then additional constraints can be obtained:
The above values of σ e and σ ν will be used throughout the present work. The stability of the D2D5 model has been studied by Ginzburg et al. [33, 34] and Ginzburg [35] . To avoid ''checkerboard'' type instability along the diagonal directions (±1, ±1), we must maintain a < 1. This limits the value of κ and thus one has to release previous conditions on the relaxation rates to simulate low Prandtl number fluids. With the above choice of σ κ , the thermal diffusivity κ is given by
Macroscopic equations
In this work, we will study the 2D Rayleigh-Bénard (RB) convection of fluids in a rectangular box which is driven by buoyancy effect in the vertical direction. As usual, fluids are assumed to be incompressible thus the pressure influence on the density variation is neglected. The density variation due to temperature T is approximated by the following linear relationship
where ρ 0 and T 0 are reference density and temperature, respectively, and α is the thermal expansion coefficient. Furthermore, the transport coefficients in the system, i.e., the shear viscosity ν and the thermal diffusivity κ, and the thermal expansion coefficient α are treated as constants. Consequently we only consider the effect of density difference in the buoyancy term, and neglect the viscous heat dissipation and compression work due to the pressure, that is, the Boussinesq approximation.
In the thermal lattice Boltzmann equation described in the previous section, the temperature T is treated as a passive scalar which is transported by the velocity field but does not affect the velocity field except through the buoyancy force. Thus, the macroscopic equations derived from the TLBE are:
In the coordinate system we use, the buoyancy force is given by
where g is the gravity, g = 9.81 (m s −2 ), andŷ is the unit vector in vertical direction or y axis. Thus the projection of the force F onto the velocity space, F i , in Eq. (2a) is given by Luo [36] :
where w 0 = 0, w 1,2,3,4 = 1/9 and w 5,6,7,8 = 1/36.
Two dimensionless numbers characterize the system of thermo-hydrodynamic equations (2): the Prandtl number, Pr, and the Rayleigh number, Ra, which are defined as
where Gr is the Grashof number, and ∆T and L are the characteristic temperature and length in the system, respectively.
With the following scalings,
the thermo-hydrodynamic equations (2) can be written in dimensionless form,
whereĝ is unit vector in the direction of the gravitation. The speed of sound c s has to be rescaled, i.e., c s → c s L/κ. However, the Mach number Ma remains the same.
The shear viscosity ν and thermal diffusivity κ are determined in terms of Pr and Ra and other parameters in simulations:
In a given system, Pr, Ra, ∆T , and L are specified, therefore the above equations lead to two equations for αg depending on the relaxation rate s ν (through ν) and parameter a in the equilibrium of n (eq) 3 in Eq. (14) (through κ), respectively. Consideration of numerical stability affects the choices of the value of s ν . Once the value s ν , so is the value of αg, and in turn the value of the parameter a. In this way the values of all the necessary parameters in the TLBE system are fully determined so simulations can be carried out.
The characteristic velocity in thermal convective flows is
The Mach number based on U should be small in order to comply with incompressible approximation of the flow and also the stability criterion on ν. Suppose that U/c s < Ma * for some critical Mach number Ma * (usually Ma * < 0.3), then the viscosity ν has the following upper bound
where the length L is measured in the lattice unit δx = 1.
Implementation of TLBE and its boundary conditions
In the TLBE model boundary conditions are needed for both velocity u and temperature T . For the velocity field, we use no-slip boundary conditions which can be accurately realized by the bounce-back (BB) boundary conditions (BCs). For an impenetrable rigid wall aligned with a grid line and at the rest, the BB-BCs are:
where x f is a fluid node adjacent to a boundary, fī corresponds to cī = −c i , f * i (x f , t n ) denotes post-collision value of f i (x f , t n ), and cī is not parallel to the wall. Thus, the incoming distribution function (from domain outside of the wall) fī(x f , t n + δt) is equal to the outgoing distribution function (from the fluid domain) f As for the temperature field, two types of boundary conditions are needed: constant temperature and adiabatic, i.e., n · ∇θ = 0, wheren is unit vector out-normal to the wall. For a wall with the (dimensionless) temperature θ w , the following ''anti-bounce-back'' boundary conditions for g i are used:
where Eq. (16) has been substituted and, again, and cī is not parallel to the wall. An adiabatic wall, which is the Neumann boundary condition, can be realized with the bounce-back boundary conditions:
Periodic boundary conditions in the horizontal direction can also be used. We will study the effects due to different boundary conditions. We would like to emphasize that it is imperative to use the MRT-TLBE in the simulations. With the bounce-back boundary conditions, we must use the relationships between the relaxation rates, that is s q (s ν ) of Eq. (9) and σ ν (σ κ ) of Eq. (17) . These relationships ensure that the imposed boundary conditions for u and T are satisfied coincidentally at the location δx/2 beyond the last fluid node, and the location of the boundary conditions is independent of the transport coefficients. For the single-relaxation-time or lattice Bhatnagar-Gross-Krook (LBGK) models, the boundary location depends on the relaxation time τ , which is a significant source of error in the LBGK model.
The MRT-TLBE including the forcing term in Eq. (2) is implemented as follows: Two remarks are in order here. First, the relaxation rate for the momentum ρ 0 u is unity in the MRT-LBE implementation regardless the values of the other relaxation rates, as implied S of Eq. (8), consequently there is no need to correct the artifacts in the LBGK model due to the inadvertent yet inevitable factor τ −1 in the forcing term [37] , which affects the stress in the following time step. And second, the splitting of the forcing in two halves is similar to Strang splitting which ensures the second-order accuracy of the LBE scheme [29] . 
Square cavity with differentially heated vertical walls

Flow configurations and conditions
The first case to be simulated by the MRT-TLBE is the natural convection in a two-dimensional square cavity heated differentially on the vertical side walls. The flow configuration is illustrated in Fig. 1 and detailed as the following. The flow domain is a square of unit dimensions, i.e., (x, y) 
The direction of gravity is vertical and downward. The left and right vertical boundaries are maintained at a constant high temperature θ = +0.5 and a constant low temperature θ = −0.5, respectively; and the top and bottom boundaries are adiabatic, ∂ y θ = 0. All boundaries are impenetrable, rigid and no-slip. Thus, for {g i }, the BCs for constant-temperature and adiabatic walls are applied to the vertical and horizontal walls, respectively; and for {f i }, the bounce-back boundary conditions are applied to all walls.
The initial state of the flow is quiescent and isothermal, i.e., u = 0, δρ = 0, and θ = 0. The criteria of attaining a steady state are:
where ∥ · ∥ 2 denotes the L 2 norm. Unless otherwise stated, the parameter a in κ of Eq. (16) and the viscosity ν are determined by the following formulas:
where the formula of a is derived from Eq. (27) for κ, and the formula for ν is obtained based on the following considerations.
To ensure the stability with the smallest mesh size N = 41 in our simulations, we use Pr = 0.71 and a reasonable value of the Mach number in Eq. (29) to obtain the above upper-bound for ν.
Quantities under study
This flow has been extensively studied as a bench-mark flow [38] with various numerical methods including finitedifference (FD) [39, 40] , finite-element (FE) [41] , finite-volume (FV) [42, 43] , and pseudo-spectral (PS) [44] [45] [46] , spectralelement (SE) [47] , and other methods [38] . The paper by De Vahl Davis [39] is a comprehensive review of this flow, which provides a guide to our work. We will compute some quantities of interest and compare our results with existing data. We will use Pr = 0.71 (for air) and Ra = 10 3 , 10 4 , 10 5 , and 10 6 . The quantities to be computed include averaged and local Nusselt numbers. The local heat flux in the horizontal (x) direction is (35) which will be used to compute Nusselt numbers. The first is the volume average Nusselt number ⟨Nu⟩,
where ∆θ = 1. The second and third ones are the average Nusselt numbers along the hot wall at x = 0 and the vertical mid-plane of the cavity at x = 1/2:
In addition, we also identify the maximum and minimum local Nusselt number, Nu max and Nu min , at the left wall (x = 0) and their (normalized) vertical coordinates y. Note that in Eq. (37a), x = 0 is the location of the left vertical wall, which is located at δx/2 beyond the last fluid nodes, {i = 1, N x |1 ≤ j ≤ N y } and {j = 1, N y |1 ≤ i ≤ N x }, as discussed previously. The derivative ∂ x θ needed for the Nusselt numbers is approximated by the finite difference formula involving nine points
The values of some hydrodynamic variables and their locations are of interest, too; they include the maximum horizontal velocity u max on the vertical mid-plane of the cavity and its y coordinate, the maximum vertical velocity v max on the horizontal mid-plane and its x coordinate, the maximum absolute value of the stream function and its location, |ψ| max , and the absolute value of the stream function in the center of the cavity, |ψ mid |. In the ensuing simulations, the velocity field u is normalized by κ/L y . 
Grid convergence of flow fields
We use a uniform mesh of size N x × N y = N 2 with N 2 between 41 2 and 321 2 to investigate the convergence behavior of the MRT-TLBE. The grid spacing h is then 1/N. Another parameter considered here is the Mach number Ma, which is effectively equivalent to the Courant-Friedrichs-Lewy (CFL) number as far as the time step size is concerned [18] . Of course, the Mach number is also directly related to the compressibility error in the LBE [48] [49] [50] 18] . We first study the convergence behavior of the MRT-TLBE with a fixed Mach number Ma = 0.01. The error in the velocity field is computed as follows,
where u * (x j ) is the reference solution of the velocity field. The errors for the pressure p and temperature θ are similarly defined. We use the solutions obtained with N 2 = 321 2 as the reference solutions. It should be noted that, because the boundary conditions are satisfied h/2 beyond the last fluid nodes, the meshes of different size N 2 have no overlapping grid points. Thus, the flow fields obtained with the largest mesh size N 2 = 321 2 are interpolated to coarser meshes with a second-order interpolation in both x and y direction to compute the differences of flow fields.
In Table 1 we tabulate the L 2 -normed errors of the velocity u, pressure p, and (normalized) temperature θ, as well as the rates (n) of convergence of these flow fields. The rates of convergence for the flow fields are all about 2.0. However, if we do not interpolate the flow fields and simply compute the difference of the flow fields with different meshes on the closest grid points, the rates of convergence would be between 1.3 and 1.4. We also notice that the errors of the flow fields depend on the Rayleigh number Ra. With a fixed resolution N, the errors in the velocity u, the pressure p, and the temperature θ increase with Ra except for the case of ∥δp∥ 2 with Ra = 10 4 .
Convergence of Nusselt numbers
We study convergence behaviors of the local and averaged Nusselt numbers. For various Nusselt numbers, we need to compute the heat flux q x of Eq. (35) at boundaries, which are located at δx/2 beyond the last fluid nodes. Since the vertical walls are no-slip ones, the Nusselt number Nu at the left wall is given by −∂ x θ ; the temperature gradient ∂ x θ along each horizontal lattice line is evaluated at x = 0 with the temperature θ at x = 0, and i = 1 and 2. The temperature θ at the horizontal walls is unknown and is obtained by fitting the first four points next to the walls along each vertical lattice line with a second-order polynomial a + b(y − y 0 ) 2 , where y 0 is the vertical position of a horizontal wall. We tabulate average and local Nusselt numbers and their locations depending on the Rayleigh number Ra and mesh size N 2 in Table 2 . The value of Nu max is found by using the least-square fit of five points about Nu max with a third-order polynomial of y locally. The value of Nu min is always located at 2-3 grid spacings away from the top left corner, thus we may assume the location converges to y = 1 and do not list it in Table 2 . In Table 2 we also give the asymptotic values of Nusselt numbers, which are obtained by the least-square fit with the following third-order polynomial:
where h := 1/N is the (normalized) grid spacing, and a 0 is the asymptotic value of f (h) in the limit of h → 0 (or N → ∞).
The asymptotic values of the Nusselt numbers are then used to compute the rates of convergence n. It should be noted that for both Nu max and Nu min , the rates of convergence are measured with L ∞ norm. As shown in Table 2 , all the average and local Nusselt numbers exhibit monotonic behavior as the mesh size N 2 increases. This monotonicity is preserved by the polynomial of Eq. (39) in the relevant range of h. In the case of the lowest Rayleigh number, Ra = 10 3 , it can be seen clearly that the Nusselt numbers quickly reach their asymptotic values independent of grid-size h. In some cases the data obtained with the coarsest meshes do not fit well with the polynomial (39), thus these data are excluded in the least-square fitting. We observe that in most cases, a second-order convergence is achieved for the Nusselt numbers. The worst rate of convergence corresponds to the vertical location y of Nu max with Ra = 10 5 and 10 6 . Also, the convergence rates for ⟨Nu⟩ and Nu 0 with Ra = 10 6 are less than 2.0.
Convergence of hydrodynamic quantities
In Table 3 we tabulate the value of the stream-function at the center of the cavity, |ψ mid |, and the maximum value of the stream-function, |ψ| max , and its location, the maximum x velocity on the vertical center line x = 1/2, u max , and its y coordinate, and the maximum y velocity on the horizontal center line y = 1/2, v max , and its x coordinate, as well as the asymptotic values of |ψ mid |, |ψ| max , u max , and v max , and the corresponding rates of convergence n. The asymptotic values 4 , the position of |ψ mid | coincides with that of |ψ| max , as exhibited by the corresponding streamlines in Fig. 2 .
The values of both |ψ mid | and |ψ| max increase monotonically as the mesh size N 2 increases. The rate of convergence for |ψ mid | is about 2.0, while that for |ψ| max and its coordinates are lower. As for u max and v max as well as their locations, the rates of convergence are about 2.0 in most cases. The data in Tables 1-3 clearly indicate that the MRT-TLBE scheme has a second-order rate of convergence.
Mach-number effect
The LBE is based on small-Mach-number expansions of the Maxwellian equilibrium [10, 11] and the errors in flow fields depend on the Mach number Ma indicating the presence of compressibility effect [48] [49] [50] 18 ]. We will study the effect of the Mach number Ma on the flow fields and other quantities under study. We will fix Ra = Table 4 . We observe that the errors in u, p, and θ are independent of Ma for N 2 < 321 2 , and the rates of convergence for all flow fields are about 2.0, clearly indicating a second-order convergence.
To further investigate the effect of Ma on the flow fields, we compute the relative flow field differences with respect to their solutions obtained with Ma = 0.01 and a fixed mesh size N 2 . That is, with a fixed mesh size N 2 , we compute the flow fields depending on Ma, then compute the flow field differences with the same resolution with respect to the solutions of Ma = 0.01. The results are tabulated in Table 5 . As can be seen clearly, the flow field differences with an equal resolution 2 , the differences between flow fields increase when both N and Ma increase, although the effect of Ma on the temperature field θ seems to be weaker. In Table 6 we show the effect of Mach number Ma on local hydrodynamic quantities u max and v max as well as the local Nusselt number Nu max . The Mach number Ma has very little, if any, effect on these quantities. With a fixed mesh size N 2 , the effect of Ma on u max appears in the seventh significant digit, and that on v max and Nu max appears in the eighth significant digit. This clearly suggests that Mach number effects on these quantities are insignificant and negligible. We observe that the rates of convergence for both u max and Nu max are about 2.0, while that for v max is only about 1.7. We also notice that the magnitude of v max is the largest among u max , v max , and Nu max . Because the Mach number in the LBE is effectively the CFL number [18] , which affects the time step size thus the computational speed, one should use as large a Mach number as possible to enhance computational efficiency, so long as both accuracy and stability are maintained. a b Clearly, the Mach number has little effect on the accuracy of the MRT-TLBE simulations for incompressible thermal flows with the Boussinesq approximation. This is in sharp contrast to athermal flows (cf., e.g., [48, 18] ) in which the errors are of the order of Mach number square. The reason for this insensitivity of thermal flows to the Mach number is that, in thermal flows, the buoyancy force due to the temperature is driving flow, while the buoyancy force is realized through density variation, it is inherently different from the density fluctuations which are responsible for acoustic waves in athermal flows.
Computational efficiency
Our code is written in Fortran with MPI and runs on an IBM p5 575 system with nodes of 16 duo-core 1.9 GHz processors. With a mesh size N 2 = 321 2 , the speed of our code on one processor is about 7.3 · 10 6 and 9.9 · 10 6 sites update per second with or without MPI.
Since the Mach number Ma has very little quantitative effect on the flow fields and hydrodynamic quantities under study, as shown in the previous section, the only concern is the numerical stability for computational efficiency. Because Mach number Ma is equivalent to the CFL number [18] , thus the greater the Mach number, the larger the time step size, and hence the faster the computational speed. In Table 7 we show the number of iterations to achieve the steady state criteria given by Eqs. (33) depending on the Mach number Ma and the mesh size N 2 . Clearly, with the Rayleigh number Ra fixed, the number of iterations N t is proportional to the mesh size N and to Ma −1 . Table 6 The Mach-number dependence of the convergence of u max , v max and Nu max for Ra = 10 6 and Pr = 0.71. Next we consider the Rayleigh-number dependence of the number of iterations to achieve steady state. The Mach number Ma is fixed at 0.01 and the results are given in Table 8 . Clearly, with the resolution N and the Mach number Ma fixed, the number of iterations N t doubles approximately as Ra increases ten fold. Hence, asymptotically the number of iterations to reach steady state depends approximately on N, Ra and Ma as follows: 
Benchmark solutions
We now compare our results for the square cavity with differentially heated vertical walls in 2D with existing data. The results of de Vahl Davis [39] were obtained by using the finite-difference method with uniform meshes of rather modest sizes up to 81 2 . The local results of de Vahl Davis [39] were fitted with polynomials and extrapolated asymptotically thus they still remain to be among the most comprehensive and accurate benchmark results. The results of Hortmann et al. [42] were obtained by using the finite-volume method accelerated with multi-grid method on non-uniform meshes up to the size of 640 2 , and grid-independent results were obtained by extrapolations. Mayne et al. [41] used h-adaptive finite-element method which relies on error-estimation to refine mesh adaptively and very fine mesh was used near boundaries. Le Quéré and de Roquefort [44] and Le Quéré [45] used the Chebyshev pseudo-spectral method up to 128 2 spectral resolution, which also yields very accurate results.
In Table 9 , we compile our results of the Nusselt numbers, which are extracted from Table 2 unless otherwise stated, and existing data obtained by using finite difference (FD) [39, 40] , finite-element (FE) [41] , finite-volume (FV) [42] , and pseudospectral (PS) [44, 45] methods. In Table 9 , our results of the Nusselt numbers are the asymptotic values fixed with the thirdorder polynomial of Eq. (39) . We also include in Table 9 some recent results obtained by using the LB method. Guo et al. [13] used the LBGK model with double-distributions and a relatively coarse mesh of size 128 2 . Mezrhab et al. [51] used the hybrid MRT-LBE [8, 15] , which solves the temperature equation with finite-difference technique, and a fine mesh of size 411 2 .
As shown in Table 9 , our results of average Nusselt numbers, i.e., ⟨Nu⟩, ⟨Nu⟩ 0 , and ⟨Nu⟩ 1/2 , agree with the best existing data to at least three significant digits. Our results of local Nusselt numbers, i.e., Nu max and Nu min , as well as their positions, agree with the most accurate results to at least two or three significant figures. Our results are also consistent with the previous results obtained by using the LB methods [13, 51] .
In Table 10 we compile the results of the local values of hydrodynamic variables including |ψ mid |, |ψ| max , u max , and v max , as well as their positions. For the hydrodynamic variables, our results agree with the best existing data at least three significant figures. As for the positions, our results agree with the existing data to at least two significant figures. The data in Tables 9 and 10 show that, with a reasonable resolution, our results agree very well with the most accurate data and the MRT-TLBE can yield very accurate benchmark quality results.
Rayleigh-Bénard convection in a rectangular cavity heated from below
Flow configuration and parameters
The flow domain is a rectangle of an aspect ratio L/H = 2, i.e., ( The volume average Nusselt number ⟨Nu⟩ is defined as follows
The heat flux in the vertical direction is We compute the volume average Nusselt number ⟨Nu⟩, the Nusselt number at the bottom boundary, Nu 0 , and the Nusselt number Nu 1/2 at the horizontal center line y = 1/2, and the maximum and minimum Nusselt numbers, Nu max and Nu min , at the bottom. We also compute some hydrodynamic quantities in the flow including the maximum value of the streamfunction, |ψ| max , the maximum horizontal velocity u max at x = 1/2 and its position, and the maximum vertical velocity v max at y = 1/2. In addition, we compute the critical Rayleigh number Ra c .
Grid convergence of flow fields
We use the following mesh sizes to study the convergence behavior of the Rayleigh-Bénard convection flow: 82 × 41, 162 × 81, 322 × 161, and 642 × 321. The solution with the largest mesh size of 642 × 321 is used as the reference solution to compute errors in flow fields. The flow fields on the finest mesh (642 × 321) are interpolated to the grid points of a coarser mesh with a second-order interpolation in two dimensions to compute errors in the flow fields. Table 11 compiles the errors of flow fields u, p, and θ with L 2 -norm, for Pr = 0.71 and 7.0. The Mach number is fixed at 0.01. The data in Table 11 show that the convergence rates n for all flow fields are 2.0, indicating that the MRT-TLBE scheme is second-order accurate for all flow fields. If the flow fields are not interpolated to the same grid points, the rates of convergence for all flow fields are about 1.4, similar to the previous case.
Convergence of the Nusselt numbers
In Fig. 5 we show the convergence behaviors of the Nusselt number averaged over horizontal grid lines, ⟨Nu⟩ x , and the heat flux q y at the hot bottom wall for the case of Ra = 5 · 10 4 and Pr = 0.71. We use a second-order polynomial to fit the temperature θ along each vertical grid line, which is used in turn to compute its derivative ∂ y θ in q y . We observe that with coarse mesh sizes, ⟨Nu⟩ x oscillates near the boundary y = 0. The heat flux at the hot bottom wall seems to converge to grid-size independent results quicker than ⟨Nu⟩ x . Table 12 compiles the results concerning the convergence behaviors of Nusselt numbers depending on Ra and Pr, with a fixed Ma = 0.01. The average Nusselt numbers, ⟨Nu⟩, Nu 0 , and Nu 1/2 , agree with each other for at least two significant digits even in the case of the smallest mesh size 82 × 41, and in most cases they agree with each other for three or more significant digits. Note that, without interpolations, the value of Nu max is always located at the first fluid node at the bottom boundary, i.e., (i, j) = (1, 1/2), where j = 1/2 means δx/2 beyond the last fluid node at j = 1 while Nu min is always located at the mesh center, i.e., (i, j) = (N x /2, 1/2). As mesh size N x × N y goes to infinity, the locations of Nu max and Nu min will go to (x, y) = (0, 0) and (x, y) = (1, 0), respectively. Except for the case of Nu min , the rate of convergence n is about 2.0. It should be noted that for both Nu max and Nu min , the norm is L ∞ which is the most stringent. Table 13 compiles the results concerning the convergence behaviors of the hydrodynamic quantities under study, depending on Ra and Pr, with Ma = 0.01. These hydrodynamic quantities include the maximum of the absolute value of the stream function, |ψ| max , which is always located at (x, y) = (1/2, 1/2), the maximum x-velocity at the vertical line x = 1/2, and the maximum y-velocity at the horizontal center line y = 1/2, which is always located at the center of the line x = 1. In all cases, the results have agreement of at least two significant digits with the smallest mesh size of 82 × 41, indicating that mesh-size independent results have been obtained. Overall the results show the MRT-TLBE scheme is of second-order convergence.
The asymptotic values of the Nusselt numbers in Table 12 and those hydrodynamic quantities in Table 13 are obtained by using the least-square fit to the third-order polynomial of Eq. (39). We should mention that in some cases the data obtained with the coarsest mesh of 82 × 41 are excluded in the least-square fitting. These cases for which the data are excluded from the fitting are marked with '' * '' in both tables. Table 14 shows the convergence behavior of the average Nusselt number ⟨Nu⟩ depending on the Mach number Ma. The data clearly show that the Mach number has no effect at all on the Nusselt number ⟨Nu⟩. This observation indicates that the Mach number is equivalent to the CFL number for the incompressible TLBE with Boussinesq approximation, thus varying Ma amounts to changing the time-step size, which has no effect on the accuracy of the steady flows studied in this work. Fig. 6 illustrates the streamlines, isotherms, and pressure contours for the Rayleigh-Bénard convection with Pr = 0.71, and Ra = 2 · 10 3 , 10 4 , and 5 · 10 4 . When the Rayleigh number is below the critical value of Ra c ≈ 1707.762 [52] , the temperature has no horizontal gradient-the only heat transfer mechanism is thermal conduction. Consequently the isotherms are straight horizontal lines. The values of Ra we use are all greater than the critical value Ra c ≈ 1707.762, thus convection takes place as a heat transfer mechanism in addition to conduction. The convective motion due to two counter-rotating vortexes can be clearly seen in the flow patterns shown in Fig. 6 . The horizontal temperature gradient increases with Ra, as indicated by the increasing steepness of the isotherms around the vertical centerline of the rectangle, x = 1. When Ra = 5 · 10 4 , the isotherms near x = 1 are almost vertical, indicating that the convection is the dominant heat transfer mechanism. Also, as Ra increases, the streamlines become more and more asymmetric with respect to the horizontal centerline y = 1/2. In Fig. 6 we also show the flow fields obtained by using different Mach numbers, which indicates the fact that the Mach number has little effect on the flow fields. Table 12 . However, in the cases of Ra = 10 4 and 5 · 10 4 , the Nusselt numbers with Pr = 0.71 not only are larger than their counterparts with Pr = 7.0, but also increase faster with Ra. Nevertheless, the isotherms for both cases of Pr = 7.0 and 0.71 are rather similar to each other qualitatively, although the isotherms with Pr = 0.71 do show larger curvatures in the case of the largest Rayleigh number Ra = 5 · 10 4 . We also observe that as Ra increases, the streamlines in the cases of Pr = 7.0 maintain the symmetry with respect to the horizontal centerline y = 1/2 relatively better than the corresponding cases of Pr = 0.71. Also, as Ra increases, the vortexes become more square than circular, and the streamlines are more conformed to two square boxes defined by the boundaries of flow domain and the vertical centerline x = 1.
Flow fields
The temperature fields for Pr = 0.71 and 7.0 with equal Rayleigh number Ra, as shown in Figs. 6 and 7, respectively, do not exhibit a significant difference. This is further illustrated in Fig. 8 which compares the temperatures for Ra = 10 4 and Pr = 0.71 and 7.0 at two different horizontal lines y = 1/4 and 3/4. Clearly, in most places the magnitude of the temperature for Pr = 0.71 is larger than that for Pr = 7.0, but not significantly. Overall, the temperature for Pr = 7.0 is slightly flatter than that for Pr = 0.71. Fig. 9 shows the contours of the vertical (y) velocity v(x, y) for Ra = 10 4 and Pr = 0.71 and 7.0. Clearly, the v(x, y) for Pr = 7.0 is more symmetric with respect to the horizontal centerline y = 1/2 than that for Pr = 0.71. The contours of v(x, y) = 0 for Pr = 0.71 converge from the bottom to the top, while those for Pr = 7.0 diverge only slightly. 
The critical Rayleigh number for the case of
We use the MRT-TLBE scheme to determine the critical Rayleigh number Ra c , beyond which the Rayleigh-Bénard convection occurs. The procedure to determine the onset of the convection is the following. The initial velocity and density fields are quiescent, i.e., u 0 = 0 and δρ 0 = 0, and the initial temperature is uniform in the x-direction and has a linear profile in the y-direction:
so θ ∈ [−0.5, +0.5] and it satisfies the boundary conditions. The linear profile of θ is close to its steady state solution when Ra < Ra c . We measure the evolution of the maximum y-velocity in the system v max (t) for a given Ra. The magnitude of v max (t) will decay if Ra < Ra c and will grow if Ra > Ra c . After an initial equilibration, v max will grow or decay exponentially in a period of time before it is saturated, depending on Ra. We compute the grow rate γ of v max (t) as a function of Ra. The critical Rayleigh number, Ra c , is determined by γ (Ra c ) = 0 by linearly fitting γ (Ra) with the least-square method. Note that the growth rate γ is computed with the dimensionless time t n κ/N 2 y .
In Fig. 11 (left) we show the evolution of v max (t) after the initial equilibration in semi-log scale for Pr = 0.71, Ra = 1685, 1700, 1715, and 1730, and N x × N y = 642 × 321; we also show the growth rates γ (Ra) computed from v max (t) in Fig. 11 (right). It seems clear that lg[v max (t n )] varies linearly in time. We compute the growth rate γ versus the rescaled time t n κ/N 2 y as a function of Ra, which also fits a linear function of Ra very well, as shown in Fig. 11 (right) .
We compute the critical Rayleigh number Ra c as a function of the mesh size N x × N y and the results are tabulated in Table 15 . The asymptotic value of Ra c is obtained by using the least-square fit with the third-order polynomial of h = 1/N y of Eq. (39) . For the 2D Rayleigh-Bénard convection considered here, the exact value of Ra c based on the linear stability theory is about 1707.762 [52] . Our results agree with the exact value of Ra c for 4 significant digits except for the case of the coarsest mesh size N x × N y = 22 × 11. The asymptotic value of Ra c differs from its theoretical value by about 0.012%.
Effects of boundary conditions
We use the periodic boundary conditions to represent the stress-free boundary conditions in the lateral direction. Other boundary conditions for the vertical walls are the rigid walls with the adiabatic boundary condition. We will study the effects due to different boundary conditions.
We consider the case of Pr = 0.71 and Ra = 10 4 . The rigid adiabatic lateral walls are represented by the bounce-back boundary conditions for both distributions {f i } and {g i }, corresponding to the mass density and the temperature, respectively.
The contours of the flow fields are shown in Fig. 12 . In contrast with the flow fields with the same Ra and Pr but with the stress-free boundary conditions shown in the middle row of Fig. 6 , the flow fields are not affected by the boundary conditions significantly, however, the streamlines do exhibit an observable difference due to different boundary conditions. The streamlines with the rigid adiabatic boundary conditions are more symmetric with respect to the horizontal centerline y = 1/2 than the streamlines with the stress-free boundary conditions.
To quantify the effects due to the boundary conditions, we show in Fig. 13 the comparison of temperature profiles θ (x) at two horizontal lines y = 1/4 and 3/4 with different boundary conditions. The temperature profiles θ (x, y) at different horizontal lines with the rigid adiabatic vertical walls are similar to those with the stress-free vertical walls, except in the regions near the two lower corners bounded by the rigid adiabatic vertical walls and the hot bottom wall. This is clearly shown in the temperature profile θ (x) at y = 1/4.
We compare the contours of the vertical (y) velocity v(x, y) in Fig. 14 . Clearly, the rigid vertical walls force the contours of v(x, y) = 0 to be more parallel to the vertical walls thus make the contours of v(x, y) more symmetric with respect to the horizontal centerline y = 1/2. The overall effect of the rigid adiabatic walls is flow confinement which inhibits heat convection-the maximum magnitude of the stream-function, |ψ| max , with the stress-free vertical walls is larger than that with the rigid-adiabatic vertical walls and the average Nusselt numbers ⟨Nu⟩ corresponding to the stress-free and the rigidadiabatic vertical walls are 2.6551 and 2.4049, respectively. 
Benchmark solutions
Although the Rayleigh-Bénard convection in a 2D rectangle is a well studied case, unlike the previous case of the differentially heated square, there exist scarcely any benchmark results. The only data we could find are the average Nusselt numbers obtained by Clever and Busse by using pseudo-spectral method [53] . We thus compile the results of Clever and Busse [53] and ours in Table 16 . Our results in Table 16 are the asymptotic values of the Nusselt numbers given in Table 12 .
With the Prandtl number of Pr = 0.71, our result of the average Nusselt number ⟨Nu⟩ agrees with the SP one in three significant digits when Ra = 2 · 10 3 , and the relative difference is about 0.12%. The relative difference increases to ca. 0.22% and 1.9% for Ra = 10 4 and 5 · 10 4 , respectively. With the Prandtl number of Pr = 7.0, the relative differences between the values of ⟨Nu⟩ obtained by the LB and SP methods are 0.091%, 0.32%, and 0.90%, corresponding to Ra = 2 · 10 3 , 10 4 , and 5 · 10 4 , respectively. The data in Table 16 clearly show that the LB method systematically under-predicts the average Nusselt number ⟨Nu⟩. This is understandable because the LBE is a second-order method and is more dissipative than the SP method.
We tabulate the hydrodynamic quantities in Table 17 . Table 17 only has data obtained by using the LB method in the present work because we have not been able to find other data available in the literature. The data in Table 17 are the asymptotic values in Table 13 . The data in Table 17 have at least four significant digits accuracy, as clearly shown in Table 13 . 
Conclusions
In this work we employ the lattice Boltzmann equation with multiple-relaxation-time collision model to simulate thermo-hydrodynamics in two dimensions. The MRT-TLBE consists of two sets of distributions: one with nine velocities (D2Q9) for the mass and momentum conservation equations, and other with five velocities (D2Q5) for the advection-diffusion equation for the temperature. This approach is valid under the Boussinesq approximation. The MRT-TLBE model is used to simulate the following two flows. The first is the square cavity with differentially heated vertical walls for Rayleigh number Ra = We systematically study the convergence behavior of the MRT-TLBE scheme, the effect of the Mach number, and the effects due to the stress-free and rigid-adiabatic wall boundary conditions. We compute various Nusselt numbers and hydrodynamic quantities and compare them with existing benchmark data. The results show that the MRT-TLBE scheme can yield benchmark quality results.
Our results demonstrate that the MRT-TLBE scheme is second-order accurate for incompressible thermo-hydrodynamic flows with the Boussinesq approximation. We also find that the Mach number, which is equivalent to the CFL number, has little effect on the accuracy of the MRT-TLBE simulations. This significantly differs from the incompressible athermal flows without the advection-diffusion equation for the temperature, for which the error is of second-order in Mach number. The MRT-TLBE scheme is stable so long as the Mach number is kept below a certain critical value, and the larger the Mach number, the larger the effective time step size, hence the more efficient computationally. We note that it is imperative to use the MRT-TLBE scheme so the boundary conditions for the velocity and temperature fields can be accurately realized, which is impossible for the LBGK-type of scheme with a single relaxation time to achieve.
We also investigate the effects of the relaxation rates s e and s ε to the MRT-TLBE simulations and find that they have little effect. We thus use the two-relaxation-time (TRT) model, because, unlike the athermal flows, the stability is not severely affected by the acoustic waves in the system.
